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SUMMARY 
A c i r c u l a r  j e t  was e x c i t e d  s i m u l t a n e o u s l y  by two h a r m o n i c a l l y  r e l a t e d  
t o n e s .  T h i s  paper r e p o r t s  t h e  r e s u l t s  o f  t h i s  e x c i t a t i o n  on j e t  b e h a v i o r  fo r  
t h r e e  p a i r s  o f  S t r o u h a l  numbers ( S t ( D >  = f * D / U j  = 0.2 and 0 . 4 ,  0 .3  and 0.6,  
0 .4 and 0 . 8 ) .  For each case t h e  i n i t i a l  phase d i f f e r e n c e  between t h e  two 
tones  was v a r i e d  i n  s teps  o f  45O f o r  one f u l l  c y c l e ,  and t h e  a m p l i t u d e  o f  t h e  
fundamenta l  and subharmonic tones  were v a r i e d  i n d e p e n d e n t l y  o v e r  t h e  range o f  
0.1 t o  7.0 p e r c e n t  of t h e  j e t  e x i t  v e l o c i t y .  
Severa l  f i n d i n g s  o f  t h i s  s t u d y  agreed w i t h  o t h e r  p u b l i s h e d  f i n d i n g s ,  such 
as a c r i t i c a l  a m p l i t u d e  o f  t h e  fundamenta l  b e i n g  r e q u i r e d  f o r  subharmonic aug- 
m e n t a t i o n ,  and t h e  i n i t i a l  phase d i f f e r e n c e  b e i n g  c r i t i c a l  i n  d e t e r m i n i n g  
whether  t h e  subharmonic i s  augmented or suppressed. I n  a d d i t i o n  t h e  d e t a i l e d  
documenta t ion  of  s e v e r a l  aspec ts  o f  t h i s  phenomenon, a l l  measured i n  one and 
t h e  same e x p e r i m e n t a l  f a c i l i t y  i n  a c o n t r o l l e d  manner, b r o u g h t  o u t  s e v e r a l  
i m p o r t a n t  p o i n t s  t h a t  had e l u d e d  p r e v i o u s  r e s e a r c h e r s :  
m 
0-l 
m sf ( 1 )  A t  h i g h  l e v e l s  o f  t h e  fundamenta l  and subharmonic f o r c i n g  a m p l i t u d e s ,  
I t h e  subharmonic augmenta t ion  i s  independent  o f  t h e  i n i t i a l  phase d i f f e r e n c e .  
w 
( 2 )  C o n t r a r y  t o  t h e  e a r l i e r  b e l i e f  t h a t  " s t a b l e  p a i r i n g "  c o u l d  be produced 
o n l y  w i t h  an i n i t i a l  l a m i n a r  boundary l a y e r ,  t h e  p r e s e n t  work shows t h a t  b y  t h e  
two- f requency  e x c i t a t i o n  method, t h i s  phenomenon can be induced o v e r  a range 
o f  c o n d i t i o n s  f o r  a j e t  w i t h  an i n i t i a l l y  t u r b u l e n t  boundary l a y e r .  
(3) I t  i s  seen t h a t  two- f requency e x c i t a t i o n  i s  indeed more e f f e c t i v e  t h a n  
s i n g l e  f r e q u e n c y  e x c i t a t i o n  i n  j e t  m i x i n g  enhancement. H i g h e r  s p r e a d i n g  r a t e s  
seem t o  go  a l o n g  w i t h  h i g h e r  subharmonic l e v e l s .  
INTRODUCTION 
The b e h a v i o r  o f  an a x i s y m m e t r i c  shear  l a y e r  can be c o n t r o l l e d  i n  a l i m i t e d  
manner by e x c i t a t i o n  a t  a s i n g l e  f r e q u e n c y  near  t h e  p r e f e r r e d  mode of t h e  
j e t .  T h i s  l i m i t a t i o n  i s  due t o  t h e  f a c t  t h a t  t h e  i n s t a b i l i t y  wave can enhance 
m i x i n g  o n l y  i f  i t  c o n t i n u e s  t o  grow. When i t  no l o n g e r  c o n t i n u e s  t o  grow i t  
i s  s a i d  t o  be " s a t u r a t e d "  and i t s  c o n t r i b u t i o n  t o  m i x i n g  enhancement ceases. 
T h i s  phenomenon o f  n o n l i n e a r i t y  and s a t u r a t i o n  has been documented by Crow and 
Champagne ( r e f .  1 ) .  I n  a p r e v i o u s  paper  ( r e f .  2 )  r e s u l t s  were r e p o r t e d  o f  an 
exper iment  which looked a t  t h e  l i m i t  o f  j e t  m i x i n g  enhancement by s i n g l e -  
f requency ,  p l a n e  wave e x c i t a t i o n .  S a t u r a t i o n  was observed i n  a l l  measured 
q u a n t i t i e s  o f  t h e  j e t  e v o l u t i o n ,  i . e . ,  t h e  fundamenta l  wave a m p l i t u d e ,  t h e  
momentum t h i c k n e s s ,  t h e  c e n t e r l i n e  mean v e l o c i t y  and t h e  t u r b u l e n c e  i n t e n s i t y .  
The a m p l i t u d e  o f  t h e  e x c i t a t i o n  a t  which t h e  n o n l i n e a r i t i e s  appeared was 
0.3 p e r c e n t  o f  t h e  j e t  v e l o c i t y .  The subsequent s a t u r a t i o n  o c c u r r e d  a t  an 
e x c i t a t i o n  a m p l i t u d e  o f  around 1 p e r c e n t  o f  t h e  j e t  v e l o c i t y ,  and a t  t h i s  l e v e l  
t h e  e f f e c t  on t h e  j e t  s p r e a d i n g  r a t e  was q u a n t i f i e d  by U(ex>/U(unex> = 0.85, 
and e ( e x > / e ( u n e x )  = 1.275 a t  x / D  = 9. These e x p e r i m e n t a l  r e s u l t s  were a l s o  
compared ( i n  r e f .  2)  w i t h  t h e  p r e d i c t i o n s  o f  a t h e o r e t i c a l  model by Mankbadi 
and L i u  ( r e f .  3 ) .  
The degree o f  j e t  s p r e a d i n g  o f f e r e d  by s i n g l e  f r e q u e n c y  p l a n e  wave e x c i t a -  
t i o n  may n o t  seem a t t r a c t i v e  enough t o  pursue f o r  p r a c t i c a l  a p p l i c a t i o n s ,  
however when t h e  " p r e f e r r e d  mode" f requency becomes n e u t r a l l y  s t a b l e ,  i t s  sub- 
harmonic ,  which i s  t h e n  a m p l i f y i n g  a t  i t s  maximum r a t e ,  can be used t o  cause 
f u r t h e r  m i x i n g  enhancement. The development o f  a subharmonic i n  a f r e e  shear  
l a y e r  has been observed b y  s e v e r a l  r e s e a r c h e r s .  An a n a l y s i s  was p r e s e n t e d  by 
K e l l y  ( r e f .  4) which showed t h a t  t h e r e  e x i s t s  a mechanism f o r  t h e  g e n e r a t i o n  
o f  a subharmonic wave i n  t h e  case of a f low w i t h  a h y p e r b o l i c  t a n g e n t  v e l o c i t y  
p r o f i l e .  I t  was shown l a t e r  by Ho and Huang ( r e f .  5) t h a t  t h e  s p r e a d i n g  r a t e  
o f  a m i x i n g  l a y e r  can be m a n i p u l a t e d  s i g n i f i c a n t l y  b y  f o r c i n g  n e a r  t h e  subhar-  
monic o f  t h e  p r e f e r r e d  f r e q u e n c y .  
Fur thermore,  when t h e  shear  l a y e r  i s  e x c i t e d  s i m u l t a n e o u s l y  by t h e  funda- 
menta l  and subharmonic,  an i n t e r a c t i o n  c o u l d  o c c u r  l e a d i n g  to a l a r g e  augmenta- 
t i o n  o f  t h e  subharmonic a m p l i t u d e .  ( I n  t h e  p u b l i s h e d  l i t e r a t u r e ,  depending on  
t h e  a u t h o r ' s  i n v e s t i g a t i o n  t e c h n i q u e  and p e r s p e c t i v e ,  t h i s  phenomenon has been 
r e f e r r e d  t o  as e i t h e r  " resonance"  or " p a i r i n g " . )  The a x i a l  e x t e n t  and degree 
o f  c o n t r o l  o v e r  shear l a y e r  t u r b u l e n c e  and s p r e a d i n g  r a t e  i s  i n c r e a s e d  if t h e  
j e t  i s  e x c i t e d  s i m u l t a n e o u s l y  by t h e  fundamenta l  and i t s  subharmonic a t  opt imum 
i n i t i a l  phase d i f f e r e n c e  and a m p l i t u d e s .  
been addressed by Ho and Huang ( r e f .  S), D u r b i n  and M c k i n z i e  ( r e f .  6), Arbey 
and W i l l i a m s  ( r e f .  7), Zhang e t  a l .  ( r e f .  8 > ,  Mankbadi ( r e f .  9 ) ,  Monkewi tz  
( r e f .  l o ) ,  Cohen and Wygnanski ( r e f .  l l), N i k i t o p o u l o s  and L i u  ( r e f .  1 2 ) ,  Ng 
and B r a d l e y  ( r e f  13) and Hussa in  and Husain ( r e f .  1 4 ) .  Arbey and W i l l i a m s  
( r e f .  7 )  s t u d i e d  a c i r c u l a r  j e t  s i m u l t a n e o u s l y  e x c i t e d  by two d i f f e r e n t  harmon- 
i c a l l y  r e l a t e d  a c o u s t i c  t o n e s .  They showed t h a t  c o n t r o l  can be e x e r c i s e d  on 
t h e  harmonic  g e n e r a t i o n  process  by v a r y i n g  t h e  phase between t h e  two s i g n a l s .  
Zhang e t  a l .  ( r e f .  8 )  s t u d i e d  a p l a n e  m i x i n g  l a y e r  e x c i t e d  a t  fundamenta l  and 
subharmonic f r e q u e n c i e s  and a t  v a r i o u s  phase d i f f e r e n c e s .  The a m p l i f i c a t i o n  
r a t e  o f  t h e  subharmonic was f o u n d  t o  depend s t r o n g l y  on t h e  i n i t i a l  phase d i f -  
f e r e n c e .  A t h e o r e t i c a l  a n a l y s i s  o f  t h e  i n t e r a c t i o n  between fundamenta l  and 
subharmonic i n s t a b i l i t y  waves i n  a t u r b u l e n t  round j e t  was s t u d i e d  by Mankbadi 
( r e f .  9 ) .  The energy i n t e g r a l  approach was used t o  e x p l a i n  t h e  subharmonic 
augmenta t ion  and mean f low m a n i p u l a t i o n  i n  terms o f  energy  exchanges between 
t h e  fundamenta l ,  subharmonic,  f i n e  s c a l e  t u r b u l e n c e  and t h e  mean f low. 
Some aspec ts  o f  t h i s  p r o b l e m  have 
The p r e s e n t  work i s  a p a r a m e t r i c  s t u d y  o f  t h e  e f f e c t  o f  s i m u l t a n e o u s  e x c i -  
t a t i o n ,  a t  t h e  fundamenta l  and subharmonic f r e q u e n c i e s ,  on t h e  b e h a v i o r  of a 
c i r c u l a r  j e t  shear l a y e r .  The e f f e c t  o f  t h e  i n i t i a l  phase d i f f e r e n c e ,  S t r o u h a l  
number p a i r  and a m p l i t u d e s  o f  the fundamental and subharmonic t o n e s  a r e  i n v e s -  
t i g a t e d  e x p e r i m e n t a l l y .  T h i s  work i n c o r p o r a t e s  s e v e r a l  n o v e l  f e a t u r e s  such as 
t h e  use o f  h i g h  a m p l i t u d e  e x c i t a t i o n  d e v i c e s  wh ich  can p r o v i d e  a wide range o f  
f o r c i n g  c o n d i t i o n s  when used i n  c o n j u n c t i o n  w i t h  equipment  t h a t  p roduce complex 
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waveforms. The i n i t i a l  c o n d i t i o n s  were c a r e f u l l y  c o n t r o l l e d  and m o n i t o r e d  i n  
t h i s  exper iment .  The a c t u a l  phase d i f f e r e n c e  between t h e  two waves was meas- 
u r e d  i n  t h e  f low, as opposed t o  a documenta t ion  o f  t h e  phase d i f f e r e n c e  i n  t h e  
i n p u t  s i g n a l .  The above f e a t u r e s  have he lped i n  p r o d u c i n g  d a t a  t h a t  l e n d s  new 
i n s i g h t s  i n t o  t h e  fundamenta ls  o f  t h e  two-frequency e x c i t a t i o n  prob lem and 
t h a t  w i l l  a l s o  s t i m u l a t e  f u t u r e  t h e o r e t i c a l  work. The s t u d y  a l s o  shows t h e  
p o t e n t i a l  for two- f requency e x c i t a t i o n  t o  overcome t h e  l i m i t a t i o n s  o f  s i n g l e  
f r e q u e n c y  e x c i t a t i o n ,  w i t h  r e g a r d  t o  m i x i n g  enhancement. 
EXPERIMENT 
F a c i  1 i t y  
The j e t  e x c i t a t i o n  f a c i l i t y  c o n s i s t e d  o f  a 3 0 - i n .  d i a m e t e r  s e t t l i n g  cham- 
b e r ,  an e x c i t a t i o n  spoo l -p iece ,  and a convergent  n o z z l e  t e r m i n a t e d  w i t h  a 
10 i n .  l o n g  s t r a i g h t  s e c t i o n  h a v i n g  a 3 . 5 - i n .  e x i t  d i a m e t e r .  A t t a c h e d  t o  t h e  
e x c i t a t i o n  spoo l -p iece  were f o u r  L i n g  e l e c t r o - p n e u m a t i c  d r i v e r s  (Model EPT 9B) .  
Each L i n g  d r i v e r  o p e r a t e d  a t  an a i r  s u p p l y  p r e s s u r e  of 40 l b / i n . 2 .  Each d r i v e r  
was capab le  o f  p r o d u c i n g  low f r e q u e n c y  ( f  < 1000 Hz) complex waveforms w i t h  an 
a c o u s t i c  power up t o  4000 W .  A photograph and schemat ic  o f  t h e  j e t  f a c i l i t y  i s  
shown i n  f i g u r e  1.  
The 40 p s i  a i r  t h a t  was s u p p l i e d  t o  t h e  L i n g  d r i v e r s ,  was exhausted  i n t o  
t h e  plenum t a n k  by  elbows wh ich  t u r n e d  t h e  f low ups t ream i n t o  t h e  t a n k .  Down- 
s t ream o f  t h e  elbows a screen and honeycomb s e c t i o n  was used t o  c o n d i t i o n  t h e  
flow. The a i r  exhausted by  t h e  L i n g  d r i v e r s  passed t h r o u g h  t h i s  f low c o n d i -  
t i o n i n g  and t h e n  p r o v i d e d  t h e  a i r  flow t h r o u g h  t h e  n o z z l e .  Measurements made 
a t  t h e  n o z z l e  e x i t  showed t h a t  t h e  mean a x i a l  v e l o c i t y  p r o f i l e s  were u n i f o r m l y  
" t o p  h a t "  and u n a f f e c t e d  by  t h e  a i r  s u p p l y  scheme. The t u r b u l e n c e  i n t e n s i t y  
measured f o r  t h e  u n f o r c e d  j e t  a t  t h e  n o z z l e  e x i t  was 1 . 5  p e r c e n t  as opposed t o  
0.15 p e r c e n t  i n  p r e v i o u s  exper iments  ( r e f .  2 )  where t h e  L i n g  d r i v e r s  were n o t  
used. I n i t i a l l y  t h i s  new s y s t e m  d i d  pose a prob lem because i f  t h e  t e s t  Mach 
number was reduced from 0.45 t o  0.2,  t h e  p r e s s u r e  t o  t h e  L i n g  d r i v e r s  had to  
be reduced and t h i s  caused a d r o p  i n  t h e  a c o u s t i c  o u t p u t  o f  t h e  d r i v e r s ,  t h u s  
changing t h e  f o r c i n g  l e v e l s  a t  t h e  j e t  e x i t  i n  a manner t h a t  was u n a c c e p t a b l e  
for r e s e a r c h .  To p r o v i d e  a f i n e  c o n t r o l  o n  t h e  o p e r a t i n g  Mach number independ- 
e n t  o f  t h e  f o r c i n g  l e v e l s ,  f o u r  b l e e d  v a l v e s  were i n s t a l l e d  a t  t h e  back end o f  
t h e  p lenum(not  shown i n  schemat ic ) .  The t e s t  Mach number c o u l d  t h u s  be reduced 
from 0.45 to  0.2 by  b l e e d i n g  o f f  t h e  excess a i r  w i t h o u t  a f f e c t i n g  t h e  a c o u s t i c  
o u t p u t  o f  t h e  L i n g  d r i v e r s .  
A s p e c i a l l y  f a b r i c a t e d  boundary l a y e r  t r i p  r i n g  was l o c a t e d  13 i n .  
upst ream o f  t h e  n o z z l e  e x i t  where t h e  d i a m e t e r  o f  t h e  c o n t r a c t i n g  s e c t i o n  was 
5.12 i n .  The t r i p  r i n g  had 83 saw t e e t h  which p r o t r u d e  4.76 mm i n t o  t h e  flow. 
The t r i p  r i n g  ensured t h a t  t h e  j e t  e x i t  boundary l a y e r  c h a r a c t e r i s t i c s  were 
i n v a r i a n t  w i t h  Mach number. The e x i t  boundary l a y e r  was t u r b u l e n t  i n  a l l  
t e s t s ,  s i m i l a r  to  a f u l l  s c a l e  j e t  e x h a u s t .  A p o l y n o m i a l  waveform s y n t h e s i z e r  
genera ted  waveshapes from u s e r  s u p p l i e d  mathemat ica l  e x p r e s s i o n s .  T h i s  s i g n a l  
was a m p l i f i e d  by  A l t e c  L a n s i n g  power a m p l i f i e r s  and f e d  t o  t h e  L i n g  d r i v e r s .  
3 
Measurement Techniques 
Measurements o f  mean and f l u c t u a t i n g  v e l o c i t y  were made w i t h  h o t - w i r e  
~ anemometers. 
n i q u e .  
w i th  r e s p e c t  t o  a r e f e r e n c e  s i g n a l .  
t u r b u l e n c e  and educ ts  t h e  u n d e r l y i n g  p e r i o d i c  c o h e r e n t  component. 
average and phase a n g l e  d i f f e r e n c e  measurements as w e l l  as t h e  spect rum a n a l y -  
s i s  were done u s i n g  a B & K dua l  channe? s i g n a l  a n a l y z e r  (Model 2025) .  A com- 
p u t e r  c o n t r o l l e d  t r a v e r s i n g  mechanism was used f o r  probe p o s i t i o n i n g .  
The c o h e r e n t  m o t i o n s  were e x t r a c t e d  by t h e  phase a v e r a g i n g  tech-  
The phase average i s  t h e  average o f  d a t a  p o i n t s  h a v i n g  t h e  same phase 
The phase a v e r a g i n g  r e j e c t s  t h e  background 
The phase 
The a m p l i t u d e s  and phase d i f f e r e n c e  i n p u t  by  t h e  waveform s y n t h e s i z e r  t o  
t h e  L i n g  d r i v e s  a r e  c o m p l e t e l y  d i f f e r e n t  from t h o s e  measured a t  t h e  j e t  e x i t .  
The a m p l i f i e r - d r i v e r  system and t h e  plenum t a n k  resonance cause s i g n i f i c a n t  
changes i n  t h e  phase d i f f e r e n c e  and a m p l i t u d e s ,  depending on  t h e  f r e q u e n c i e s  
and a m p l i t u d e s  i n p u t .  T h e r e f o r e  document ing i n p u t  c o n d i t i o n s  would be a poor  
s u b s t i t u t e  f o r  t h e  a c t u a l  i n i t i a l  c o n d i t i o n s .  I n  t h e  p r e s e n t  work t h e  a m p l i -  
tudes  o f  t h e  two waves and t h e  phase d i f f e r e n c e  between them were measured i n  
t h e  f low, a t  t h e  j e t  e x i t ,  and t h e s e  c o n s t i t u t e  a t r u e  and a c c u r a t e  r e p r e s e n t a -  
t i o n  o f  t h e  i n i t i a l  c o n d i t i o n s .  
I n i t i a l  C o n d i t i o n s  
The exper iments  were conducted  for two j e t  e x i t  v e l o c i t i e s  (M = 0.2 and 
M = 0 .45) .  The t u r b u l e n c e  i n t e n s i t y  due t o  t h e  random f l u c t u a t i o n s  measured 
v e l o c i t y .  I n  o r d e r  t o  keep t h e  e x i t  boundary l a y e r  from p l a y i n g  a p a r a m e t r i c  
r o l e  i n  t h e  exper iment ,  a t r i p  r i n g  was l o c a t e d  10 i n .  ups t ream o f  t h e  j e t  
e x i t ,  and i t  ensured t h a t  t h e  e x i t  momentum t h i c k n e s s  shape f a c t o r ,  and maximum 
root mean square f l u c t u a t i o n s  i n  t h e  boundary l a y e r  remained c o n s t a n t  for a l l  
t e s t  cases.  The n o z z l e  e x i t  v e l o c i t y  p r o f i l e  was a p p r o x i m a t e l y  t o p  h a t  i n  
shape, and t h e  root mean square p r o f i l e  was u n i f o r m  i n  t h e  j e t  c o r e  a t  t h e  noz- 
z l e  e x i t .  
I a t  t h e  j e t  e x i t  c e n t e r l i n e  was measured t o  be 1.5 p e r c e n t  o f  t h e  j e t  e x i t  
The l o n g i t u d i n a l  v e l o c i t y  s p e c t r a  measured a t  t h e  c e n t e r  o f  t h e  j e t  e x i t  
p l a n e  was contaminated  by  h i g h e r  harmonics ( 3 / 2 f ,  2 f )  from t h e  h i g h  a m p l i t u d e  
L i n g  e l e c t r o - p n e u m a t i c  d r i v e r  systems. 
t h e  3 1 2 f  and 2 f  components were much s m a l l e r  t h a n  t h e  f and t h e  f12 compo- 
n e n t s  and t h e r e f o r e  w e r e  assumed t o  n o t  i n t e r f e r e  w i t h  t h e  e x c i t a t i o n  p r o c e s s .  
For example t h e  peak magni tudes o f  t h e  f and f / 2  components were 7 and 
20 p e r c e n t  r e s p e c t i v e l y  o f  t h e  j e t  e x i t  v e l o c i t y ,  whereas t h e  3 / 2 f  
peak magni tudes were 1 and 0.5 p e r c e n t  r e s p e c t i v e l y  o f  t h e  j e t  e x i t  v e l o c i t y .  
When t r a c e d  w i t h  downstream d i s t a n c e  
and 2f 
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A p a r a m e t r i c  a n a l y s i s  o f  t h e  e f f e c t s  o f  two- f requency  e x c i t a t i o n  i s  com- 
p l i c a t e d  by a m u l t i t u d e  o f  i m p o r t a n t  parameters  i n c l u d i n g  t h e  i n i t i a l  phase 
d i f f e r e n c e  and t h e  
f r e q u e n c y  components. I t  i s  i m p o r t a n t  to  n o t e  t h a t  t h e  i n i t i a l  phase d i f f e r -  
ence (PO i s  d e f i n e d  f o r  v e l o c i t y  and f o r  s i n e  waves. 
a b s o l u t e  and r e l a t i v e  f o r c i n g  a m p l i t u d e s  o f  t h e  two- 
I 
fi = A s i n ( 2 w t  + y o )  + B s i n ( w t >  
I n  t h e  above e q u a t i o n  t h e  i n i t i a l  phase d i f f e r e n c e  i s  t h e  a n g l e  b y  w h i c h  t h e  
fundamenta l  c o h e r e n t  v e l o c i t y  l e a d s  t h e  c o h e r e n t  subharmonic v e l o c i t y .  Three 
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p a i r s  o f  S t r o u h a l  numbers w e r e  s t u d i e d .  For each case t h e  i n i t i a l  phase d i f -  
f e r e n c e  between t h e  two waves was v a r i e d  i n  s teps  o f  45O. The i n i t i a l  f o r c i n g  
l e v e l  o f  t h e  fundamental  and subharmonic w e r e  a l s o  v a r i e d  i n  t h e  e x p e r i m e n t .  
Tab le  I ( a )  and ( b )  shows a summary o f  t h e  i n i t i a l  c o n d i t i o n s  f o r  t h e  v a r i o u s  
two-frequency cases.  
DISCUSSION OF RESULTS 
I n i t i a l  Phase D i f f e r e n c e  E f f e c t  
Growth o f  t h e  fundamenta l  and subharmonic on  t h e  j e t  c e n t e r l i n e .  - The 
e f f e c t  o f  v a r y i n g  t h e  i n i t i a l  phase d i f f e r e n c e  for t h e  S t r o u h a l  number D a i r  
0 .2 ,0 .4  i s  shown- in  f i g u r e  2. ' T h e  i n i t i a l  phase d i f f e r e n c e  between t h e '  two 
tones  i s  denoted by  (PO.  The fundamenta l  f o r c i n g  a m p l i t u d e  was 7 p e r c e n t  o f  
t h e  j e t  e x i t  v e l o c i t y  and t h e  subharmonic a m p l i t u d e  was 0.5 p e r c e n t .  
f i g u r e  shows t h a t  t h e  subharmonic ( f / 2 )  i s  augmented t o  v e r y  h i g h  v a l u e s  for 
i n i t i a l  phase d i f f e r e n c e s  between 225 and 360(0)O and suppressed for phase 
d i f f e r e n c e s  of 90 and 135O. 
i n t e r m e d i a t e  s t a t e s .  A t  f i r s t  g l a n c e  t h e  fundamenta l  ( f )  appears t o  be unaf- 
f e c t e d  by  t h e  i n i t i a l  phase d i f f e r e n c e ,  b u t  a c l o s e r  s c r u t i n y  r e v e a l s  t h e  k i n k s  
i n  t h e  development o f  t h e  fundamenta l  which a r e  s u b t l e  r e m i n d e r s  of t h e  n o n l i n -  
e a r  i n t e r a c t i o n  between t h e  two waves. Mankbadi, Raman and R i c e  ( r e f .  15) 
e x p l a i n  t h i s  dependence t h e o r e t i c a l l y  by  i n t e r p r e t i n g  t h e  phase d i f f e r e n c e  as 
b e i n g  r e l a t e d  t o  t h e  a n g l e  between t h e  s t r e s s e s  and t h e  s t r a i n s  of t h e  waves. 
I t  was found t h a t  t h e  a l i g n m e n t  o f  t h e  s t r e s s e s  and t h e  s t r a i n s  produces aug- 
m e n t a t i o n  whereas nonal  ignment produces suppress ion .  Note t h a t  t h e  e x t r e m e l y  
h i g h  l e v e l  o f  t h e  subharmonic ( 2 0  p e r c e n t  o f  t h e  j e t  v e l o c i t y )  produced by  t h e  
n o n l i n e a r  i n t e r a c t i o n  i s  much h i g h e r  t h a n  can be a t t a i n e d  by  s i n g l e  f requency  
e x c i t a t i o n .  
The 
Phase d i f f e r e n c e s  o f  45 and 180° r e p r e s e n t  t h e  
Many o t h e r  r e s e a r c h e r s  have a l s o  p o i n t e d  o u t  t h e  impor tance of t h e  i n i t i a l  
phase d i f f e r e n c e  t o  t h e  subharmonic g r o w t h  (Monkewi tz  ( r e f .  l o ) ,  Zhang e t  a l .  
( r e f .  8 ) ,  Mankbadi ( r e f .  9 )  and Ng and B r a d l e y  ( r e f .  1 3 ) ) .  
J e t  c e n t e r l i n e  a x i a l  v e l o c i t y .  - I n  t h e  p r e v i o u s  s e c t i o n  i t  was shown 
t h a t  depending on  t h e  i n i t i a l  phase d i f f e r e n c e  t h e  subharmonic can e i t h e r  be 
suppressed or augmented. O b v i o u s l y  t h e  r e s u l t  i s  g o i n g  t o  a f f e c t  t h e  mean 
v e l o c i t y  and t h e  random t u r b u l e n c e  o f  t h e  j e t .  
monic c o h e r e n t  v e l o c i t i e s ,  t h e  mean v e l o c i t y  and t h e  random t u r b u l e n c e  a r e  a l l  
coup led  t o g e t h e r  and i n t e r a c t  by energy  exchanges. 
c e n t e r l i n e  v e l o c i t y  p l o t t e d  versus  a x i a l  d i s t a n c e  for t h e  v a r i o u s  phase d i f f e r -  
ences. A s t e e p e r  descent  o f  t h e  j e t  c e n t e r l i n e  v e l o c i t y  s i g n i f i e s  a more r a p i d  
o p e n i n g  up of t h e  j e t  plume. There i s  a v e r y  c l e a r  dependence between t h e  sub- 
harmonic  augmenta t ion  and t h e  j e t  c e n t e r l i n e  v e l o c i t y .  The cases where t h e  
subharmonic i s  augmented t o  v e r y  h i g h  l e v e l s  ( f i g .  2 )  cor respond t o  cases where 
t h e  j e t  c e n t e r l i n e  decays most r a p i d l y .  T h i s  i s  shown more s p e c i f i c a l l y  i n  
f i g u r e  3 ( b > .  I n  t h i s  f i g u r e  t h e  velocity(excited>/velocity(jet) measured a t  
x / D  = 3.5 i s  p l o t t e d  versus  t h e  i n i t i a l  phase d i f f e r e n c e .  The u n e x c i t e d  and 
s i n g l e  f r e q u e n c y  ( S t  = 0 . 4 )  e x c i t a t i o n  cases a r e  shown for  r e f e r e n c e .  A s  i s  
r e a d i l y  apparent  from t h e  f i g u r e ,  two- f requency  e x c i t a t i o n  i s  much more e f f e c -  
t i v e  t h a n  s i n g l e  f r e q u e n c y  e x c i t a t i o n  i n  r e d u c i n g  t h e  j e t  c e n t e r l i n e  v e l o c i t y .  
The fundamenta l  and subhar-  
F i g u r e  3(a> shows t h e  j e t  
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E f f e c t  o f  Fundamental F o r c i n g  Leve l  
The e f f e c t  o f  i n c r e a s i n g  t h e  f o r c i n g  l e v e l  o f  t h e  fundamental ( w h i l e  keep- 
i n g  t h e  r a t i o  o f  t h e  fundamental- to-subharmonic l e v e l s  c o n s t a n t  a t  1 5 )  on t h e  
g rowth  o f  t h e  two waves i s  shown i n  f i g u r e  4 (a>  f o r  an i n i t i a l  phase d i f f e r -  
ence o f  270O. A t  low l e v e l s  o f  fundamental  f o r c i n g  no subharmonic augmenta t ion  
i s  observed,  b u t  beyond a c r i t i c a l  l e v e l  o f  t h e  fundamental  t h e  subharmonic 
augmenta t ion  i s  seen. Monkewitz ( r e f .  10) has p o i n t e d  o u t  t h e  e x i s t e n c e  of 
t h i s  c r i t i c a l  l e v e l .  A s  seen b e f o r e ,  t he  j e t  c e n t e r l i n e  s teady  v e l o c i t y  i s  
r e l a t e d  t o  the  subharmonic augmenta t ion  and when t h e  c r i t i c a l  l e v e l  o f  t h e  
fundamental  i s  reached t h e  j e t  c e n t e r l i n e  v e l o c i t y  beg ins  to  d rop ,  i n d i c a t i n g  
enhanced m i x i n g  o f  t h e  j e t  ( f i g .  4 ( b > > .  
E f f e c t  o f  S t r o u h a l  Number P a i r  
F i g u r e  5 shows t h e  development o f  the  phase averaged v e l o c i t i e s  of  t h e  
fundamental  and subharmonic f o r  v a r i o u s  i n i t i a l  phase d i f f e r e n c e s .  The 
i n i t i a l  l e v e l  o f  t h e  fundamental  was equal t o  t h a t  o f  t h e  subharmonic. Data 
i s  shown fo r  t h r e e  p a i r s  o f  S t r o u h a l  numbers (0.2,0.4; 0.3,0.6; and 0 .4 ,0 .8> .  
The r a t i o n a l e  f o r  choos ing  these numbers was t h e  " p r e f e r r e d  mode" o f  t h e  j e t ,  
wh ich  cor responds t o  a S t r o u h a l  number o f  0 . 3  based on t h e  j e t  d iamete r  (Crow 
and Champagne ( r e f .  1 ) ) .  I n  t h e  case o f  t h e  0 . 2 , 0 . 4  p a i r  t h e  two f requenc ies  
s t r a d d l e  t h e  " p r e f e r r e d  mode" and i n  t h e  case o f  0.3,0.6,  t h e  subharmonic f r e -  
quency i s  t h e  p r e f e r r e d  mode, whereas i n  t h e  l a s t  case 0.4,0.8 t h e  subharmonic 
i s  s l i g h t l y  h i g h e r  than  t h e  p r e f e r r e d  mode case. 
The peak a m p l i t u d e  and a x i a l  l o c a t i o n  o f  t h e  subharmonic i n  f i g u r e  5 (b>  do 
n o t  depend h i g h l y  on t h e  i n i t i a l  phase d i f f e r e n c e .  For a f i x e d  i n i t i a l  phase 
d i f f e r e n c e  t h e  subharmonic peak ( " p a i r i n g  l o c a t i o n " )  depends h i g h l y  on t h e  
S t r o u h a l  number p a i r .  The subharmonic peaks a t  x / D  = 2 .7  f o r  the  St(D) = 
0 .2 ,0 .4  case ( f i g .  5 ( a > >  and a t  x / D  = 1 . 2  for S t ( D >  = 0.4,0.8 ( f i g .  5 ( c > > .  
I n  t h e  shear l a y e r  mode (St(9) = fe/U.> t h e  h i g h e r  f r e q u e n c i e s  w i l l  s a t u r a t e  
peak c l o s e r  t o  t h e  j e t  e x i t  f o r  t h e  S t ( D >  = 0.4,O.a case, whereas t h e  cu rves  
peak f a r t h e s t  downstream for t h e  S t ( D >  = 0 .2 ,0 .4  case. The S t ( D )  = 0 .3 ,0 .6  
case i s  between these two ex t remes.  
c l o s e r  t o  t h e  j e t  e x i t ,  t h e r e f o r e  b o t  t! t h e  fundamental  and t h e  subharmonic 
F i g u r e  6 shows t h e  phase d i f f e r e n c e  between t h e  two waves versus  a x i a l  
d i s t a n c e  f o r  t h e  v a r i o u s  i n i t i a l  phase d i f f e r e n c e s .  The i n i t i a l  phase d i f f e r -  
ence f o r  each case has been s u b t r a c t e d  o u t  t o  make the  comparison e a s i e r .  Sev- 
e r a l  comments shou ld  be made about  t h e  phase d i f f e r e n c e  d a t a  i n  f i g u r e  6 .  
L i n e a r  b e h a v i o r  o f  t h e  e x c i t e d  hydrodynamic modes m i g h t  be most expec ted  near 
t h e  n o z z l e  e x i t  where t h e  amp l i t udes  a r e  smal l  and where n e g l i g i b l e  i n t e r a c t i o n  
has taken  p l a c e .  I n i t i a l  phase d i f f e r e n c e  shou ld  n o t  be a f a c t o r  for l i n e a r  
p r o p a g a t i o n  o f  i n s t a b i  1 i t y  waves. The phase d i f f e r e n c e  between t h e  fundamental 
and subharmonic i n s t a b i l i t i e s  shou ld  change w i t h  d i s t a n c e  as governed by t h e i r  
wave length  d i f f e r e n c e  and t h e  s l i g h t  d i f f e r e n c e  i n  phase v e l o c i t y .  A s  seen i n  
f i g u r e  6 i n i t i a l  phase d i f f e r e n c e  does n o t  have much i n f l u e n c e  for sma l l  x / D  
e s p e c i a l l y  for t h e  p a i r ,  S t ( D >  = 0.2,0.4.  U n f o r t u n a t e l y  t h i s  r e s u l t  does n o t  
have a n y t h i n g  t o  do w i t h  hydrodynamic i n s t a b i l i t y  p r o p a g a t i o n  f o r  smal l  x / D .  
A s  c l e a r l y  seen i n  f i g u r e  2 ,  and l e s s  c l e a r l y  i n  some p a r t s  o f  f i g u r e  5,  t h e  
a m p l i t u d e  o f  t h e  fundamental  f i r s t  d rops  a t  low x / D  b e f o r e  f i n a l l y  i n c r e a s -  
i n g .  This r e p r e s e n t s  t h e  f a l l - o f f  w i t h  d i s t a n c e  o f  t h e  a c o u s t i c  f i e l d  used for 
e x c i t a t i o n  u n t i l  t h e  r i s e  o f  t h e  hydrodynamic f i e l d  dominates a t  h i g h e r  x / D  
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v a l u e s .  A f u r t h e r  c o m p l i c a t i o n  i s  t h a t  t h e  s l o p e  o f  t h e  phase change i s  f a r  
t o o  g r e a t  t o  be e x p l a i n e d  by t h e  p r o p a g a t i o n  o f  two s p h e r i c a l  waves a t  t h e  f u n -  
damental and subharmonic f r e q u e n c i e s .  What i s  b e i n g  observed a t  low x / D  i s  
t h e  complex n e a r f i e l d  e v o l u t i o n  o f  t h e  p r o p a g a t i n g  and evanescent  modes p r o -  
duced by t h e  n o z z l e  e x i t  d i s c o n t i n u i t y  which cannot  be f u r t h e r  a n a l y z e d  h e r e .  
The phase d i f f e r e n c e  a t  x / D  = 0 i s  s t i l l  c o n s i d e r e d  a v a l i d  i n i t i a l  c o n d i t i o n  
f o r  comparing t h e  e x p e r i m e n t a l  d a t a  b u t  i t  must be r e a l i z e d  t h a t  hydrodynamic 
i n s t a b i l i t i e s  do n o t  dominate t h e  d a t a  u n t i l  some d i s t a n c e  downstream. The 
i n f l u e n c e  o f  i n i t i a l  phase a n g l e  on t h e  d a t a  i n  f i g u r e  6 i s  an i n d i c a t o r  o f  
n o n l i n e a r  i n t e r a c t i o n s  between t h e  two f requency modes. The spread o f  t h e  
r e s u l t s  i s  maximum a t  x / D  v a l u e s  where subharmonic g e n e r a t i o n  shown i n  f i g -  
u r e  5 i s  a maximum. I n i t i a l  phase has t h e  l e a s t  i n f l u e n c e  f o r  t h e  p a i r  
S t ( D >  = 0.4,O.a where subharmonic augmentat ion i s  m i n i m a l .  This n o n l i n e a r  
two-mode i n t e r a c t i o n  i s  c u r r e n t l y  b e i n g  s t u d i e d  by Mankbadi, Raman and R i c e  
( r e f .  15 ) .  
F i g u r e  7 shows t h e  j e t  c e n t e r l i n e  v e l o c i t y  and t h e  momentum t h i c k n e s s  v a r -  
i a t i o n  w i t h  s t reamwise d i s t a n c e ,  for t h e  u n e x c i t e d  j e t  and t h e  t h r e e  S t r o u h a l  
number p a i r s .  When t h e  two- f requency e x c i t a t i o n  i s  a p p l i e d ,  t h e  j e t  c e n t e r l i n e  
ve loc i ty  drops and t h e  s p r e a d i n g  r a t e  as q u a n t i f i e d  by t h e  momentum t h i c k n e s s  
i n c r e a s e s .  A t  t h e  h i g h  a m p l i t u d e s  used h e r e  t h e r e  i s  v e r y  l i t t l e  d i f f e r e n c e  
between t h e  t h r e e  S t r o u h a l  number p a i r s .  
V a r i a t i o n  o f  Subharmonic F o r c i n g  Leve l  
F i g u r e  8 shows t h e  development o f  t h e  phase averaged v e l o c i t i e s  o f  t h e  
fundamental and subharmonic f o r  t h e  S t r o u h a l  number p a i r  0 . 3 , 0 . 6 .  The i n i t i a l  
f o r c i n g  l e v e l  o f  t h e  fundamenta l  i s  k e p t  c o n s t a n t ,  whereas t h e  f o r c i n g  l e v e l  o f  
t h e  subharmonic i s  v a r i e d  from 0.1 t o  3 p e r c e n t .  I n  f i g u r e s  8 ( a >  t o  ( c >  b o t h  
t h e  subharmonic peak and t h e  a x i a l  l o c a t i o n  o f  t h e  peak depend on t h e  i n i t i a l  
phase d i f f e r e n c e .  F i g u r e  8(d)  shows t h a t  t h e  peak a t t a i n e d  by t h e  subharmonic 
i s  n o t  h i g h l y  dependent on t h e  i n i t i a l  phase d i f f e r e n c e  when t h e  i n i t i a l  sub- 
harmonic  f o r c i n g  l e v e l  i s  h i g h .  The f i n d i n g  t h a t  a t  h i g h  f o r c i n g  a m p l i t u d e s  
of t h e  fundamenta l  and subharmonic t h e  subharmonic i s  a lways augmented i r r e -  
s p e c t i v e  o f  t h e  i n i t i a l  phase d i f f e r e n c e ,  i s  n o t  o n l y  u s e f u l  b u t  w i l l  have a 
v e r y  f a v o r a b l e  impact  on t h e  d e s i g n  o f  p r a c t i c a l  e x c i t a t i o n  d e v i c e s .  F i g u r e  9 
shows t h e  subharmonic peak v e r s u s  i n i t i a l  phase d i f f e r e n c e  wh ich  i s  a summary 
o f  t h e  cases from f i g u r e  8 .  
F i g u r e  10 shows t h e  development o f  t h e  phase d i f f e r e n c e  w i t h  a x i a l  d i s -  
tance for t h e  f o u r  cases o f  f i g u r e  8 ,  b u t  a t  phase d i f f e r e n c e  i n t e r v a l s  of 
90°. As d i s c u s s e d  i n  c o n n e c t i o n  w i t h  f i g u r e  6 ,  t h e  i n i t i a l  r e g i o n  o f  t h e  j e t  
may be dominated by t h e  a c o u s t i c  n e a r - f i e l d  which i s  most e v i d e n t  for h i g h  
e x c i t a t i o n  a m p l i t u d e  i n  f i g u r e  1 0 ( d > .  The s o l i d  l i n e s  (phase d i f f e r e n c e  = 0) 
i n  f i g u r e s  10(a)  and ( b )  m i g h t  r e p r e s e n t  t h e  c l o s e s t  approach t o  l i n e a r  behav- 
i o r  s i n c e  t h e  subharmonic remains a t  v e r y  low l e v e l s  (see f i g s .  8 ( a >  and ( b )  a t  
phase d i f f e r e n c e  = 0). As t h e  i n i t i a l  phase a n g l e  and subharmonic e x c i t a t i o n  
l e v e l  a r e  changed, t h e  s lopes  o f  t h e  curves  decrease i n  t h e  range o f  a p p r o x i -  
m a t e l y  1 < x / D  < 3 (where t h e  subharmonic a m p l i t u d e  i s  l a r g e s t )  p r o b a b l y  due 
t o  t h e  n o n l i n e a r  i n t e r a c t i o n  o f  t h e  two modes. I n  t h i s  range t h e  phase a n g l e  
d i f f e r e n c e  i s  e x t r e m e l y  s e n s i t i v e  t o  i n i t i a l  phase a n g l e  e s p e c i a l l y  a t  h i g h  
e x c i t a t i o n  a m p l i t u d e  ( f i g .  1 0 ( d > > .  The s t e e p  s l o p e  i s  a g a i n  a t t a i n e d  when t h e  
subharmonic a m p l i t u d e  has decayed s u b s t a n t i a l l y ,  wh ich  may i n d i c a t e  a change 
i n  t h e  n o n l i n e a r  mechanism or c o n c e i v a b l y  a r e t u r n  to  l i n e a r i t y .  
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J e t  M i x i n g  Enhancement 
The t o p  row i n  f i g u r e  1 1  shows t h e  development o f  t h e  phase averaged 
v e l o c i t i e s  a l o n g  t h e  j e t  c e n t e r l i n e .  The f o u r  cases r e p r e s e n t e d  a r e :  t h e  fun- 
damental  a lone,  t h e  subharmonic a l o n e ,  b o t h  f and f / 2  a t  phase = 180° and 
f i n a l l y  b o t h  f and f / 2  a t  phase = Oo. Though t h e  waves do n o t  grow t o  v e r y  
l a r g e  a m p l i t u d e s  i n d i v i d u a l l y ,  t h e  two- f requency i n t e r a c t i o n  causes t h e  subhar-  
monic t o  be augmented t o  v e r y  h i g h  l e v e l s  (or  suppressed) depending on  t h e  
i n i t i a l  phase d i f f e r e n c e  between t h e  two waves. The second row shows t h e  j e t  
c e n t e r l i n e  v e l o c i t y  a l o n g  w i t h  t h e  u n e x c i t e d  case fo r  compar ison.  The l a s t  row 
shows t h e  momentum t h i c k n e s s  development w i t h  a x i a l  d i s t a n c e .  Very  c l e a r l y  
under opt imum c o n d i t i o n s  two- f requency  e x c i t a t i o n  i s  more e f f e c t i v e  t h a n  s i n g l e  
f r e q u e n c y  e x c i t a t i o n  for j e t  m i x i n g  enhancement. 
A compar ison between a l l  t h e  cases ment ioned above i s  shown i n  f i g u r e  12. 
A d r o p  i n  t h e  c e n t e r l i n e  v e l o c i t y  i n d i -  
The j e t  c e n t e r l i n e  v e l o c i t y  and momentum t h i c k n e s s  v a r i a t i o n  a r e  b o t h  used as 
i n d i c a t o r s  o f  j e t  m i x i n g  enhancement. 
c a t e s  a h i g h e r  j e t  spread for most cases.  There i s  however a r e v e r s a l  i n  t h e  
j e t  c e n t e r l i n e  v e l o c i t y  t r e n d  between x / D  = 1 and 3 .  T h i s  i s  n o t  t o  be i n t e r -  
p r e t e d  as a " r e v e r s a l  of m i x i n g " .  Due t o  t h e  shor tcomings  o f  t h e  j e t  c e n t e r -  
l i n e  v e l o c i t y  as a " m i x i n g "  i n d i c a t o r  t h e  momentum t h i c k n e s s  i s  c o n s i d e r e d  to  
be a b e t t e r  i n d i c a t o r  of j e t  m i x i n g  enhancement. The j e t  c e n t e r l i n e  v e l o c i t y  
i s  however r e t a i n e d  as i t  shows a d i r e c t  r e l a t i o n s h i p  between subharmonic aug- 
m e n t a t i o n  and t h e  " e a t i n g  up" o f  t h e  p o t e n t i a l  c o r e  o f  t h e  j e t .  The h igh  
g r o w t h  r a t e  o f  t h e  subharmonic wave causes i t  t o  e x t r a c t  energy  from t h e  mean 
f low and t h i s  causes t h e  d e s t r u c t i o n  o f  t h e  p o t e n t i a l  c o r e .  The d i f f e r e n c e  
between s i n g l e  and two- f requency opt imum e x c i t a t i o n  r e s u l t s  i s  most pronounced 
on t h e  j e t  c e n t e r l i n e  v e l o c i t y  ( f i g .  1 2 ( a > > .  I n  f i g u r e  12(b> i t  i s  seen t h a t  
t h e  two-frequency case w i t h  phase d i f f e r e n c e  equal  t o  z e r o  produces t h e  same 
m i x i n g  as t h e  s i n g l e  f requency e x c i t a t i o n  a t  t h e  fundamenta l  f r e q u e n c y .  As  
seen i n  f i g u r e  l l ( d >  ( t o p  r i g h t )  t h i s  two- f requency e x c i t a t i o n  suppresses t h e  
c o h e r e n t  subharmonic g r o w t h  and a d d i t i o n a l  m i x i n g  due t o  f o r c e d  p a i r i n g  does 
not r e s u l t .  Some random p a i r i n g  may s t i l l  o c c u r  as m i g h t  be expec ted  i n  t h e  
s i n g l e  f r e q u e n c y  e x c i t a t i o n  case.  
Time Traces 
F i g u r e  13 shows t i m e  t r a c e s  a t  v a r i o u s  l o c a t i o n s  on  t h e  j e t  c e n t e r l i n e  
f o r  t h e  ( a >  u n e x c i t e d  j e t ,  ( b >  two- f requency  case phase = 180° and ( c )  two- 
f r e q u e n c y  case phase = 0". F i g u r e  1 3 ( a >  shows n a t u r a l l y  o c c u r r i n g  q u a s i -  
p e r i o d i c  waves a t  a p e r i o d  about  t h e  same as t h e  subharmonic i n  f i g u r e  1 3 ( b ) .  
F i g u r e  1 3 ( b >  shows t h e  f o r c e d  case a t  a phase d i f f e r e n c e  o f  180° and i n d i c a t e s  
t h a t  t h e  f r e q u e n c y  s w i t c h e s  from 440 t o  220 Hz ( " p a i r i n g " )  between x / D  = 0.5 
and 1 and t h e  subharmonic peaks around x / D  = 2.  F u r t h e r  downstream t h e  random 
t u r b u l e n c e  governs t h e  t i m e  v a r i a t i o n s .  F i g u r e  1 3 ( c >  shows t h e  f o r c e d  case a t  
phase = 0. 
A t  a phase d i f f e r e n c e  o f  z e r o  t h e  phase averaged measurements i n d i c a t e d  a 
s u p p r e s s i o n  o f  t h e  subharmonic ( f i g .  1 1 ,  t o p  r i g h t ) .  The t i m e  t r a c e s  of f i g -  
u r e  1 3 ( c >  t e l l  a more r e a l i s t i c  story. The merg ing  o f  v o r t i c e s  ( f r e q u e n c y  
s w i t c h i n g )  o c c u r s  i n t e r m i t t e n t l y  i n  space and t i m e .  A t  x / D  = 2 t i m e  t r a c e s  
a r e  shown a t  two d i f f e r e n t  i n s t a n t s ,  one t r a c e  shows a s t r o n g  v e l o c i t y  compo- 
n e n t  a t  220 Hz and t h e  second t r a c e  shows a weak component a t  440 Hz. When 
t i m e  averaged and p l o t t e d  i t  appears t h a t  t h e  subharmonic i s  suppressed 
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( f i g .  1 1 ,  t o p  r i g h t ) ,  a l t h o u g h  i n  r e a l i t y  i t  i s  augmented f o r  s h o r t  p e r i o d s  o f  
t i m e  f o l l o w e d  by l o n g e r  p e r i o d s  of suppress ion .  
u r e  13(b> makes i s  t h e  f o r c e d  p a i r i n g  t h a t  was o b t a i n e d  by t h e  two- f requency  
f o r c i n g  i n  a j e t  w i t h  an i n i t i a l l y  t u r b u l e n t  boundary l a y e r .  Zaman and Hussa in  
( r e f .  16)  showed t h a t  for a f o r c e d  j e t  w i t h  a l a m i n a r  e x i t  boundary l a y e r ,  v o r -  
t e x  p a i r i n g  i s  r e g u l a r  i n  space and t i m e ,  whereas i n  a j e t  w i t h  a t u r b u l e n t  
i n i t i a l  c o n d i t i o n ,  i t  becomes i n t e r m i t t e n t  i n  space and t i m e .  F i g u r e s  5 ,  8, 
and 13(b) show t h a t  under t h e  r i g h t  c o n d i t i o n s  s t a b l e  p a i r i n g  can be induced by 
two f requency  e x c i t a t i o n  fo r  a j e t  w i t h  a t u r b u l e n t  i n i t i a l  c o n d i t i o n .  
Another  p o i n t  t h a t  f i g -  
Ng and B r a d l e y  ( r e f .  13) have observed i n  t h e i r  f low v i s u a l i z a t i o n  s t u d y  
t h a t  when the  j e t  i s  f o r c e d  a t  more than  one f requency  t h e  v o r t e x  merg ing  p roc -  
e s s  i s  h i g h l y  l o c a l i z e d  and can be " f r o z e n "  v i s u a l l y  i n  space by a d j u s t i n g  t h e  
phase and f requency  o f  t h e  s t r o b e  l i g h t ,  whereas t h i s  i s  n o t  so e a s i l y  accom- 
p l i s h e d  fo r  t h e  s i n g l e  f requency  case. However s i n c e  t h e y  do n o t  document t h e  
j e t  e x i t  boundary l a y e r  c h a r a c t e r i s t i c s  f o r  t h e i r  exper iments ,  no mean ing fu l  
comparison can be made w i t h  t h e  p r e s e n t  work. 
Rad ia l  D i s t r i b u t i o n  o f  Unsteady V e l o c i t i e s  
F i g u r e  14 shows t h e  r a d i a l  d i s t r i b u t i o n  o f  uns teady  a x i a l  v e l o c i t y  wh ich  
i s  phase averaged a t  t h e  fundamental and subharmonic f r e q u e n c i e s .  Also shown 
i n  the  f i g u r e  i s  t h e  r a d i a l  d i s t r i b u t i o n  o f  t h e  mean v e l o c i t y .  The measure- 
ments a r e  taken  a t  x / D  = 2 ,  where the  subharmonic peaks. I t  i s  a t  t h i s  l oca -  
t i o n  t h a t  t he  v o r t e x  p a i r i n g  processes can be observed ( e . g . ,  Moore ( r e f .  1 7 ) ) .  
As the  amp l i t ude  o f  t h e  subharmonic i s  much l a r g e r  than  t h e  fundamenta l ,  b o t h  
a l o n g  t h e  a x i s  and a l o n g  t h e  r a d i u s ,  i t  seems t h a t  t h e  i n t e r a c t i o n  i s  o n l y  
weakly n o n l i n e a r  and t h e r e f o r e  a l o c a l l y  l i n e a r  p a r a l l e l  f low i n s t a b i l i t y  
t h e o r y  w i l l  adequa te l y  p r o v i d e  t h e  t r a n s v e r s e  d i s t r i b u t i o n  o f  v e l o c i t y  f o r  
b o t h  fundamental  and subharmonic. S t range and C r i g h t o n  ( r e f .  18) have shown 
t h i s  to  be t r u e  f o r  s i n g l e  f requency  cases. Here d a t a  on  t h e  r a d i a l  d i s t r i b u -  
t i o n  i s  shown f o r  t h e  two- f requency  case. T h i s  may j u s t i f y  t h e  shape assump- 
t i o n s  used by some r e s e a r c h e r s  i n  some forms o f  t h e  energy  e q u a t i o n  wh ich  
governs t h e  n o n l i n e a r  streamwise e v o l u t i o n  o f  t h e  d i s t u r b a n c e  amp l i t udes  (e .g . ,  
Mankbadi ( r e f .  9 ) ) .  
CONCLUDING REMARKS 
The e f f e c t  of e x c i t i n g  an ax i symmet r i c  j e t  s i m u l t a n e o u s l y  a t  fundamental  
and subharmonic f requenc ies  was p a r a m e t r i c a l l y  s t u d i e d .  Three S t r o u h a l  number 
p a i r s  were s t u d i e d  (0.2,0.4;  0.3,0.6; 0.4,0.8). The i n i t i a l  phase d i f f e r e n c e  
between t h e  two waves was v a r i e d  i n  s teps  o f  4 5 O .  The e f f e c t  o f  v a r y i n g  t h e  
i n i t i a l  f o r c i n g  l e v e l s  was a l s o  s t u d i e d .  Some o f  t h e  i n i t i a l  f i n d i n g s  con- 
c u r r e d  w i t h  p u b l i s h e d  r e s u l t s .  I n  a d d i t i o n  i t  was found  t h a t :  
1 .  A t  h i g h  amp1 i tudes o f  t h e  fundamental  and subharmonic f o r c i n g  l e v e l s  
t h e  subharmonic augmenta t ion  and t h e  a x i a l  l o c a t i o n  of t h e  peak a r e  independent  
o f  t h e  i n i t i a l  phase d i f f e r e n c e .  T h i s  f i n d i n g  w i l l  have a v e r y  f a v o r a b l e  
impact  on the  des ign  o f  p r a c t i c a l  e x c i t a t  on d e v i c e s .  
2 .  I t  i s  seen t h a t  two- f requency  exc 
s i n g l e  f requency  e x c i t a t i o n  i n  j e t  m i x i n g  
f i ed by: 
t a t i o n  i s  indeed more e f f e c t i v e  than  
enhancement. The m i  x i  ng i s  q u a n t i -  
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( a )  J e t  c e n t e r l i n e  ve loc i ty ,  t o  show t h e  " e a t i n g  up" o f  t h e  p o t e n t i a l  c o r e  
( b >  The momentum t h i c k n e s s  t o  show t h e  j e t  s p r e a d i n g  r a t e  
( c )  Phase averaged c o h e r e n t  v e l o c i t i e s ,  to  i n d i c a t e  t h e  r o l e  of t h e  l a r g e  
s c a l e  coherent  mot ions  i n  m i x i n g  enhancement 
3. C o n t r a r y  t o  t h e  e a r l i e r  b e l i e f  t h a t  " s t a b l e  p a i r i n g "  c o u l d  be produced 
o n l y  w i t h  i n i t i a l l y  l a m i n a r  boundary l a y e r s ,  t h e  p r e s e n t  work shows t h a t  b y  
u s i n g  two- f requency e x c i t a t i o n  t h i s  phenomenon can be induced o v e r  a range of 
c o n d i t i o n s  f o r  a j e t  w i t h  an i n i t i a l l y  t u r b u l e n t  boundary l a y e r .  
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